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Abstract 

Given a semisimple, compact, connected Lie group G with complexification C^, we show 
there is a stable range in the homotopy type of the universal moduli space of flat connections on 
a principal G-bundle on a closed Riemann surface, and equivalently, the universal moduli space 
of semistable holomorphic C^-bundles. The stable range depends on the genus of the surface. 
We then identify the homology of this moduli space in the stable range in terms of the homology 
of an explicit inflnite loop space. Rationally this says that the stable cohomology of this moduli 
space is generated by the Mumford-Morita- Miller K-classes, and the ring of characteristic classes 
of principal G-bundles, H*{BG). We then identify the homotopy type of the category of one- 
manifolds and surface cobordisms, each equipped with a flat G-bundle. We also explain how 
these results may be generalized to arbitrary compact connected Lie groups. Our methods 
combine the classical techniques of Atiyah and Bott, with the new techniques coming out of 
Madsen and Weiss's proof of Mumford's conjecture on the stable cohomology of the moduli 
space of Riemann surfaces. 
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1 Introduction and statement of results 

Let G be a fixed, connected, semisimple, compact Lie group G. Our goal is to study the moduli 
spaces of flat G-connections on principal bundles over Riemann surfaces. By allowing the complex 
structures of the surfaces to vary, we are able to prove a stability theorem in homology, and to study 
a cobordism category built out of such moduli spaces. 

The study of moduli spaces of flat connections, and its connection with holomorphic bundles on 
Riemann surfaces goes back to the seminal work of Atiyah-Bott [1]. Given a Riemann surface S 
without boundary, and a principal G-bundle Atiyah and Bott studied the space of holomorphic 
structures on the complexification E'^. This space admits a canonical (complex-gauge) equivariant 
stratification that was first described in the work of Harder-Narasimhan [7] . The open-dense stratum 
for this stratification is also known as the space of semistable complex structures on E'^. The 
codimension of the remaining strata grows linearly in the genus, and hence the semistable stratum 
approximates the whole space increasingly with genus of the curve. 

The space of holomorphic structures may be identified with the space of principal connections 
on E. Atiyah and Bott also study the Yang-Mills functional on this space of all connections. They 
show that the Yang-Mills functional behaves like a perfect, (gauge) equivariant Morse-Bott function, 
with critical subspace given by the Yang-Mills connections. The analytical aspects of the Yang-Mills 
flow were not studied by Atiyah and Bott in [1]. However, the authors do motivate the reason 
why the Harder-Narsimhan stratiflcation represents the descending strata for the critical level sets 
of the Yang-Mills functional. In particular, this suggests that the open stratum (identified with 
semistable complex structures on E'^) must equivariantly deform onto the space of minimal Yang- 
Mills connections on E. This minima can be described in terms of cental connections (see the 
final section). In the setting where G is semisimple, these Yang-Mills minima are simply the flat 
connections. 

The Morse theoretic program suggested above was completed by G. Daskalopoulos [3j and J. 
Rade [H]. In [3] and [TB] the authors succeeded in proving the long time convergence of the Yang- 
Mills flow, thereby rigorously establishing the correspondance between the Yang-Mills moduli spaces, 
and the moduli spaces of semistable complex structures. 

In this paper we consider the moduli space of flat connections on bundles, parametrized over the 
moduli space of Riemann surfaces of a flxed genus. We call this the universal moduli space of flat 
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connections. More specifically, we let 



Aig — {(S, i?, w) : S is a closed Riemann surface of genus g, E ^ Yi (1) 
is a principal G-bundle, and w is a flat connection on E}/ ^ . 

The relation denoted by ~ is induced by diagrams of the form, 

El — — > E2 



Si > E2 

where (j) is an isomorphism of G-bundles living over an orientation preserving diffeomorphism, (j). 
Here (j) takes the complex strucure of Ei to the complex structure of E2, and 4> pulls back the flat 
connection L02 to the flat connection wi. 

Strictly speaking, the moduli space Al^ should be viewed as a topological stack. Alternatively, 
one takes the homotopy orbit space of appropriate group actions defining this equivalence relation. 
The details of this topology will be described in section 2.1. 

Our main theorem about this moduli space is theorem [T] below, which calculates the homology 
Hq{M.'^) for 2g + 4 < 5. Before stating it, let us introduce some notation. Let L denote the 
canonical line bundle over CP°°, and let CP^^ = (CP°°)"^ be the Thom spectrum of the virtual 
inverse —L (graded so that the Thom class is in H^^). Let BG+ denote the classifying space BG, 
with a disjoint basepoint added. Roughly, theorem [T] says that M.'^ and the infinite loop space 
r2°°(CP'^i A BG+) have isomorphic homology up to degree [g — 4)/2. We need to be precise about 
connected components, however (the two spaces have non- isomorphic sets of path components). 
The topological type of a principal G-bundle — > E is determined by the homotopy class of a 
map E BG. Since BG is simply connected, this in turn is determined by the element /*[E] e 
H2{BG) — 7ri(G). The correspondence (E, 1-^ /*[E] defines an isomorphism 'KqM'^ — > 7ri(G). 

For 7 e TTi (G) , we let 

■' g,i — g 

denote the corresponding connected component. All components of il°°(CP5!°i ^ BG+) are of course 
homotopy equivalent, and we let 

17^(CP^i A BG+) C rj°°(CP!°i A BG+) 

denote the component containing the basepoint. 

For completeness, we describe 7ror2°°(CP;^i ABG+). The collapse maps BG+ 5" and BG+ 
BG define a homotopy equivalence 

f7°°(CP!°i A BG+) ^ 0°°CP^i X l]°°(CP^i A BG). 
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It is well known (see e.g. [TU]) that ttqCP'^]^ = Z. The Hurewicz homomorphism defines an isomor- 
phism 

7ro(CP!°i A BG) ^ H2(BG) = tti(G), 
and we have described an isomorphism 7rori°°(CP|^]^ A BG+) = Z x ni{G). 

Theorem 1. 1. Let G be a connected, compact, semisimple Lie group. Then the homology group 
Hq{A4'^^) is independent of g and 7 G tti{G), so long as 2q + A < g. 
2. For q in this range, 

H,{Ml^) - i/,(r!-(CP'- A BG+)). 

Remarks. 1. The isomorphism in the theorem is induced by an explicit map rt°°{CW°°^ A 

BG+), defined by a Pontryagin-Thom construction, cf. [11], [6], [2]. The direct definition gives a 
map into the component labelled ((7—1,7) G Z x 7ri(G), rather than the base point component. 

2. While this description of this stable homology might seem quite complicated, the infinite 
loop space appearing in this theorem has quite computible cohomology (see [5]). In particular the 
stable rational cohomology is essentially the free, graded commutative algebra generated by the 
Miller-Morita-Mumford K-classes, and the rational cohomology of BG. See Corollary [7] below. 

3. Notice that when G = {id}, Ai^ = A4g is the moduli space of Riemann surfaces. In this case, 
part one of this theorem is the Harer-Ivanov stability theorem [8] , [9] . Part 2 of this theorem is the 
Madsen- Weiss theorem [11], proving the Mumford conjecture. 

Note. The homology groups in this theorem can be taken with any coefficients. Indeed the 
theorem is true for any connective generalized homology theory. 

We then go on to interpret this theorem in terms of a stability result for the homology of the 
universal moduli space of semistable holomorphic bundles, and also in terms of the Out(7ri(Eg))- 
equivariant homology of the representation variety, Rep(7ri (Eg), G). Here 7ri(I]g) is the fundamental 
group of a closed, connected, oriented surface Eg of genus g, and Out(7ri(Eg)) is the outer automor- 
phism group. See Theorems fTOl and [Til below. 

The second main result of the paper regards a cobordism category of surfaces with flat connec- 
tions. We call this category Cq whose objects are closed, oriented one-manifolds 5* equipped with 
connections on the trivial principal bundle S x G, and whose morphisms are surface cobordisms E 
between the one-manifold boundary components, equipped with flat G bundles E that restrict 
on the boundaries in the obvious way. (See section two for a careful definition.) Our result is the 
identification of the homotopy type of the geometric realization of this category. 

Theorem 2. There is a homotopy equivalence, 

\C^\ ~f]°°(E(CP!°i ABG+)). 
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In order to prove this theorem, we will compare the category Cq of surfaces with flat connections 
to the category of surfaces with any connection, Cq- That is, this category is defined exactly as 
was the category Cq, except that we omit the requirement that the connection uj on the principal 
G-bundle E ^ T,he flat. We will use results of ^ and jT3] to prove that the inclusion of cobordism 
categories Cq ^ Cq induces a homotopy equivalence on their geometric realizations, and then use 
the results of 6J to identify the resulting homotopy type. 

We have chosen to work with semisimple, compact, connected Lie groups so as to ensure that the 
minimal Yang-Mills connections arc flat. All our theorems and techniques have obvious extensions 
to arbitrary connected, compact Lie groups without much more effort, (see the final section of this 
paper). 

The authors are grateful to M.J. Hopkins for originally asking about the cobordism category of 
flat connections, and to J. Li, L Madsen, and R. Vakil for helpful conversations about this work. 



2 A stability theorem for the universal moduli space of flat 
connections 

2.1 The main theorem 

The goal of this section to prove Theorem [1] as stated in the introduction. We begin by describing 
the topology of the universal moduli space A^^ more carefully. 

Recall that if iJ is a group acting on a space X, the homotopy orbit space X//H is defined to 
be the orbit space, {EH x X) /H , where EH is a contractible space with an action of H , such that 
the projection EH E/H is a principal iJ-bundle (equivalently: it has local sections). Note that 
if the action oi H on X is free (and X X/H is a principal iJ-bundlc), then X//H is homotopy 
equivalent to the geometric orbit space, X/H. 

Definition 1. a. Let E be a principal G- bundle over a fixed closed, smooth, oriented surface Tig 
of genus g. Let J{Tg) be the space of (almost) complex structures on Eg, let ApiE) be the space of 
flat connections on E, and define 

N{E) = J{Eg) X Af{E). 



h. Let Aut{E) be the group of bundle automorphisms of E, living over diffeomorphisms ofT,g. 
That is, an element of Aut(E) is an isomorphism of principal G-bundles, 

E — ^ E 



where (j) €E Diffillg), the group of orientation preserving diffeomorphisms of Tig. 

c. Aut{E) has a natural action onJ\f{E). A dijjeomorphism transforms one complex structure 
into another, and a bundle automorphism pulls back a fiat connection to a new fiat connection. We 
define A4^{E) to be the homotopy orbit space of this action: 

M^{E)=Mf{E)//Aut^{E). 

d. We define the universal moduli space of fiat connections, Ai'^ to be the disjoint union, 

Mf = l[MfiE) 

{E} 

where the union is taken over isomorphism classes of principal G-bundles E ^Yig. 
Remarks, a. It is not hard to see that Aut(£') fits into a short exact sequence: 

1 Q{E) Aut{E) ^ Diff(I]g) ^ 1 
where Q (E) is the gauge group of smooth bundle automorphisms (p : E ^ E hving over the identity 

of Tg. 

b. The space Mf{E) was denoted Mf ^ in the introduction. Here 7 = /,[!;] £ H2{BG) = 7ri(G) 
for a classifying map / : E ^ BG of the bundle E G. 

c. Instead of defining as the homotopy orbit space of Aut^(£') acting on Nf{E), we 
could consider the quotient as a topological stack. 

Let A{E) be the afhne space of all connections on the bundle E (no flatness required). Deflne 
the configuration space, B'^{E) to be the homotopy orbit space, 

Bf{E) = (J(S,) X A{E)) //AntfiE). (2) 
Including Af{E) ^ A{E) defines a natural map 

jg : A4^{E) ^ B^{E). The following is a straightforward consequence of the works [Tl [51 [TB] 
(see also [T71, section 3.1). 

Theorem 3. The map jg : Aif{E) ^ B^{E) is 2{g — l)r -connected. Here g is the genus ofT,g, 
and r denotes the smallest number of the form i dim{G / Q) , where Q C G is any proper compact 
subgroup of maximal rank . In particular jg induces an isomorphism in homotopy groups and in 
homology groups in dimensions less than 2(g — l)r. 

Proof. As done by Atiyah-Bott [T], the space of G-connections on E can be identified with the 
space of holomorphic structures on the induced complexified bundle, E'^ = E G^. Moreover 
in the Atiyah-Bott stratification of the space of holomorphic bundles, one has that the space of 
flat connections, ApiE), is homotopy equivalent to the stratum of semistable holomorphic bundles 
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[21 [TB] . By considering the codimcnsion of the next smallest stratum (in the partial order described 
in [T]) one knows that the inclusion of the semistable stratum into the entire space of holomorphic 
bundles is 2{g — l)r-connected. Translating to the setting of connections, this says that the the 
inclusion, 

] : Af{E) ^ A{E) 

is 2{g — l)r-connected. Since A{E) is affine, and thus contractible, we can conclude that the space 
of flat connections, Af{E) is 2{g — l)r-connected (i.e. its homotopy groups vanish through this 
dimension). Therefore the product M{E) — J{^g) x Af{E) is 2{g — l)r-connected. 
Now consider the following diagram of principal Aut^(i?)- fibrations, 

J(I]g) X ApiE) J{Y.g) X AiE) 

1 1 

MfiE) BfiE) 

I I 

BAut{E) > BAut{E) 

The above discussion implies that the top horizontal arrow induces an isomorphism of homotopy 
groups through dimension 2(g — l)r. Applying the five-lemma to the long exact sequences in homo- 
topy groups induced by the two bundles, we get that the middle horizontal arrow, jg : A4^{E) 
B^{E) also induces an isomorphism of homotopy groups in this range. □ 

Remark 4. The formula for r may he derived easily from |I1 equation 10.7]. By the formula given 
there, the connectivity of the map jg is at least 2{g — l)r, where r denotes the minimum number 
( over the set of all proper parabolic subgroups of C^) of positive roots of G, which are not roots of 
the parabolic subgroup. This number may be rewritten as we have stated above. We note that if G 
is the special unitary group SU{n), then the largest parabolic in SLn{C) is G'i„_i(C). Hence the 
number r is given by n — \ in this case. 

This theorem states that through a range of dimensions, the universal moduli space A4'^{E) has 
the homotopy type of the classifying space of the automorphism group, _BAut^(_E). Now observe 
that this classifying space has the following description. 

Let EG — > BG be a smooth, universal principal G-bundle, so that EG is contractible with 
a free G-action. Notice that the mapping space of smooth equivariant maps, Cq{E,EG) is also 
contractible, and has a free action of the group Q{E). The action is pointwise, and clearly has slices. 
Thus one has a model for the classifying space of this gauge group, 

B{g{E)) ~ C^{E,EG)/g{E) ^ G°°{J:g,BG)E, 

where C°°(Sg, BG)e denotes the component of the mapping space classifying the isomorphism class 
of the bundle E. 
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Let i?(Diff(Sg)) BDiS{Tjg) be a smooth, universal principal DifF(Eg)-bundle. A nice model 
for £;(Diff(Sg)) is the space of smooth embeddings, E(DiS{T,g)) = Emb(5]g, The product of 
the action of Aut(i?) on C^{E,EG) and the action (through Difr(I]g)) on E{T)i^{'>lg)) gives a free 
action on the product i?(Diff(S]g)) x Cq{E, EG). The quotient of this action is a model of the 
classifying space BAvLt{E). But notice that this quotient is given by the homotopy orbit space, 

BAnt{E) 2i £;(Diff(Sg)) Xp-g^j.^^ C°°(Eg, BG)e (3) 

where Diff(Eg) acts on C°°{T^g, BG)e by precomposition. We therefore have the following corollary 
to Theorem 131 

Corollary 5. There is a natural map 

jg : M';{E) E{Diff{i:g)) X ^^^^^.^^ C^{j:g,BG)E 

which is 2{g — l)r-connected. By taking the disjoint union over isomorphism classes of G-bundles 
E, we then have a map 

Jg : M'; ^ E{Dtff{^g)) X jj^jj^^^^ C°^{Y.g,BG) 
which is 2{g — l)r-connected. 

We recall from [2] that the space £'(Diff(Sg)) Xp-g-^j^ ^ C°"{'E,g,X) can be viewed as the space 
of smooth surfaces in the background space X in the following sense. As in define 

Sg{X) ={[Sg, /) : where Sg C K°° is a smooth oriented surface of genus g and 
and f : Sg —^ X is a smooth map.} 

The topology was described carefully in [2 , which used the embedding space Emb(Sg,R°°) for 
E(DiS{j:g)). In particular, Sg{BG) is a model for £'(Diff(Eg)) x^jfj^j.^^ C°°(Sg, SG), and therefore 
corollary [5] defines a 2{g — l)r-connected map jg : Uj^jj ■A4^(£') ^ Sg{BG). Again, Sg{X) need 
not be connected. The correspondence {S,f) ^ f*[S] defines an isomorphism TTQSg{X) = H2{X) = 
7r2(X). For 7 G H2{X), we let 

Sg,^{X) C Sg{X) 

be the corresponding connected component. 

Now in [2 , the stable topology of Sg^^{X) was studied, for a simply connected space X. The 
following is the main result of [5]. 

Theorem 6. For X simply connected, the homology group Hq{Sg{X)) is independent of g and ^ , 
so long as 2q -\- A < g . For q in this range, 

H,{Sg,,{X)) = HginnCPZ A X+)). 
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Notice that since G is assumed to be a compact, connected Lie group, BG is simply connected, 
so we can apply theorem [51 

Note. The homology groups in this theorem can be taken with any coefBcients. Indeed the 
theorem is true for any connective generalized homology theory. 

We now observe that if let X — BG, and put Corollary [5] and Theorem [6] together. Theorem [1] 
follows. □. 

In [2], the stable rational cohomology of the spaces Sg{X) was described. This then gives the 
stable rational cohomology of the universal moduli space, A^^- This stable cohomology is generated 
by the Miller-Morita-Mumford K-classes, and the rational cohomology of BG. For the sake of 
completeness, we state this result more carefully, and give a geometric description of how these 
generating classes arise. 

For a graded vector space V over the rationals, let Vj^ be positive part of V , i.e. 

oo 
n=l 

Let ^(V+) be the free graded-commutative Q-algebra generated by V+ pUij. Given a basis of V+, 
A{V+) is the polynomial algebra generated by the even dimensional basis elements, tensor the 
exterior algebra generated by the odd dimensional basis elements. Let % be the graded vector space 
H*{'Cf'°^i; Q). It is generated by one basis element, ki, of dimension 2i for each i > ~1. Explicitly, 
K_i is the Thom class, and for ci = ci{L) £ _ff^(CP°°). Consider the graded vector 

space 

V = iJ*(CP!°i /\ BG+;Q) =X(g) H*{BG; Q). 

Then H*{i}'^{CF'^i A BG+)-Q_) is canonically isomorphic to A{V+), and we get the following corol- 
lary of the stable rational cohomology H* {Sg^^{X)) given in [5] and Corollary [5] above. 

Corollary 7. There is a homomorphism of algebras, 

e : A{{X H*{BG; Q))+) H*{Mf^^; Q) 
which is an isomorphism in dimensions less than or equal to (g — 4)/2. 

Given an element a G H*{BG; Q), we describe the image 
Consider the universal surface bundle over Mf- 
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Here -Mfi — {C^, E,llj,x), wherex G S}/ ^. In other words, a point in is a point in the 

universal moduh space -Mf, together with a marked point in S. The topology of Mfi is defined 
in the obvious way, so that the projection map p : A^^i ^ M.'^ is a fiber bundle. 

Notice that the space -Mfi has two canonical bundles over it. The first is the "vertical tangent 
bundle" , T^ert-Mf i- This is an oriented, two dimensional vector bundle, whose fiber over (E, E, oj, x) 
is the tangent space T^^. The second canonical bundle is a principal G-bundle, E^^ -^fi^ whose 
fiber over (E, E, uj, x) is E^- 

View a class a G H*{BG; <Q) as a characteristic class for G-bundles. Then a{E^-^) G H*{Mf^i;Q) 
is a well defined cohomology class. Similarly, since Tvert-^^ n i is an oriented, two dimensional bundle, 
it has a weU defined Chern class ci G 7f^(X^i;Q). One then defines Q{Ki ® a) & H*{Mf;Q) to 
be the image under integrating along the fiber, 

e(Av,®a) = / c\+^Ua{Ef^^). 

J f iber 

Remarks. 1. The smoothness of the moduh spaces, Mf and have not been discussed, so that 
fiberwise integration has not been justified. However, as described in [5] and [TD], the Pontrjagin- 
Thom construction, which realizes fiberwise integration in the smooth setting, is well defined, and 
gives the definition of the map Q we are using. 

2. When a = 1, 9(kj) is exactly the Miller-Morita-Mumford class coming from (BDiff (Eg); Q) — 
H*{Mg;Q), the cohomology of the moduli space of Riemann surfaces. 

3. Notice that the above formula makes good sense, even when i — —1, in that a) = 

2.2 Applications to semistable bundles and surface group representations 

We now deduce two more direct corollaries of Theorem [T] that stem from the close relationship 
between the space of fiat connections, the space of semistable holomorphic bundles on a Riemann 
surface, and the space of representations of the fundamental group of the surface. 

As above, let Eg be a fixed closed, oriented, smooth surface of genus g, and let J(Eg) be the 
space of (almost) complex structures on Eg. Let E he a principal G bundle over Eg, where as before, 
G is a compact, connected, semisimple Lie group. For a fixed J G J(Eg), let Cjg{E) C C'^{E) be the 
space of semistable G"^- holomorphic bundles inside the full affine space of all holomorphic structures 
on the bundle, {E, J) xq C^. Define the space 

CUE) = {(J,S) : J G J(Eg), audi? G CUE)}. (4) 

Let CS{E) be the full space of holomorphic bundles, C3{E) = {(J,S) : J G J(Eg), andS G C-'{E)}. 
As before Aut^(i?) acts on C^{E) with the semistable bundles C^g{E) as an invariant subspace. 
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Namely, an automorphism (0, 0) of the principal bundle, 



pulls back a holomorphic structure on {E,J) Xq G"^ to a holomorphic structure on the bundle 
{E,g*{J)) Xq . We define the universal moduli space of semistable holomorphic structures, and 
the universal moduli space of all holomorphic structures: 

MUE) = CUE)IIP^nt^{E) V<^{E) = {E) // Ant^ {E) 

to be the homotopy orbit spaces. Notice that the space of all holomorphic structures C^^{E) is 
contractible, so the homotopy orbit space V^(E) is a model of the classifying space, BAut'^{E) ~ 

i;(Difr(i],))xDiff(5,^)C-(i]„i?G)^. 

Remark 8. To be faithful to the literature, we must define the universal moduli space of semistable 
holomorphic structures as the homotopy orbit space with respect to the automorphism group that 
extends DiffCSg) by the complexified Gauge group. However, this will not change the homotopy type 
of the space. 

We now have the following: 

Theorem 9. The inclusion of the universal moduli space of semistable holomorphic bundles into all 
holomorphic bundles, 

MUE) V<^{E) ^ EiDtffiEg)) x^,^(5,^) C-(E3,BG)b 

is a 2{g — l)r-connected map. 



Proof. This follows from Theorem [3] together with the equivariant homotopy equivalence between 
the space of flat connections and Atiyah-Bott's semistable stratum of the space of holomorphic 
bundles [Till [H]. □ 

We therefore have the following stability theorem for the universal moduli space of semistable 
holomorphic bundles as a corollary to Theorem [6l 

Theorem 10. Let G be a connected, compact Lie group. Then the homology group of the universal 
moduli space of semistable holomorphic bundles, Hq{A4^g{E)) is independent of g and E, so long as 
2q + A < g . For q in this range, 

H,{MUE)) = H,{n^{£¥^^ A BG+)). 
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We conclude with an application to the space of representations of the fundamental group. 
Choose a fixed basepoint xq G Sg, and let tt — 7ri(I]g,a;o) be the fundamental group based at that 
point. Let Hom(7r, G) denote the space of homomorphisms from tt to G . We topologize this space 
as a subspace of the mapping space, Map(7r, G). 

Let Aut(7r) denote the the group of homotopy classes of basepoint preserving, orientation pre- 
serving, homotopy equivalences of Sg. As suggested by the notation, we may identify Aut(7r) with 
the subgroup of automorphisms of the fundamental group that acts by the identity on H^{n, Z) = Z. 
The group Aut(7r) acts on the space of homomorphisms Hom(7r, G), by precomposition. This action 
descends to an action of the outer automorphism group, Out(7r) = Aut(7r)/Inn(7r) on the strict quo- 
tient variety, Hom(7r, G)/G, where G acts by conjugation. Here Inn(7r) is the normal subgroup of 
inner automorphisms. We now study how this action of Out(7r) lifts to an action of the orientation 
preserving diffeomorphism group, Diff(I]g) on the homotopy quotient space, 

Rep(7r, G) = Hom(7r, G)//G. 

Recall that holonomy defines a homeomorphism from the space of based gauge equivalence classes 
of flat connections to the corresponding component of the space of homomorphisms: 

h : AF{E)/goiE) ^ Hom(7r,G)£; 

where Qo{E) is the based gauge group (which fixes a fiber pointwise), and acts freely on Af{E) (see 
[1]). This holonomy map is G-equi variant, where G acts as usual on Hom(7r, G) by conjugation, 
and on the space of fiat connections, Af{E)/Qo{E), it acts by identifying G as the quotient group 
G = Q{E)/Qo{E), and by using the action of the full gauge group g{E) on Af{E). We therefore 
have a homeomorphism, 

AFiE)//giE) = EG Xg {AF{E)/goiE)) ^ EG Xg Hom(7r, G)^ = Rep(7r,G)i;, 

where the subscript denotes the representations that correspond to the holonomy map for E. Notice 
that we can take an alternative model of Af{E)//Q{E) as 

AF{E)//g{E) ^ {Af{.E) X E(kni{E))/g{E) 

which has a residual action of Aut(i?)/^(£') = Diff(Eg). Thus the representation space, Rep(7r,G)£;, 
is homotopy equivalent to a space with a Diff(Sg) action, and this action clearly lifts the action of 
Out(7r) on the honest quotient space, AF{E)/g{E) = Hom(7r, G)/G. Furthermore, for genus g >2, 
this diffeomorphism group has contractible path components, and so is homotopy equivalent to its 
discrete group of path components, the mapping class group, Diff(Sg) ~ Fg = Out(7r). We therefore 
define the Out(7r)-equivariant homology 

H^'^^^^\Rep{7r,G)E) = i?g°'«(^«)(ylF(i?) x E{AutiE))/g{E)) 
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Theorem 11. Let g > 2. Then the Out{7:)-equivariant homology of the representation variety is 
independent of the genus g, so long as 2q + -i < g . For q in this range, 

HOu^(^\Rep{^,G)E) - Hq{nf{C¥^^ A BG+)). 

Proof. i/,P^*'''^(Rep(7r, G)e) = H^^^'''^''\AF{E)//g(E)), but the latter group is equal to 

i/,(£;Diff(S,) xi3iff(s^) AF{E)lig{E)) = H,{AF{E)//kni'^{E)) = H,{M'^{E)). 

The result follows by Theorem [51 □ 

3 The cobordism category of surfaces with flat connections 

In this section we study the cobordism category Cq of surfaces equipped with flat G-bundles. In 
definition [T] above, we defined moduli spaces M.'^ of pairs (E, E) consisting of a closed Riemann 
surface S and a fiat G-bundle E over E. In this section we generalize to Riemann surfaces with 
boundary. These moduli spaces form morphisms in Cq, and gluing along common boundaries define 
composition of morphisms. Some care is needed to make this well defined (composition must be 
associative). We then identify the the homotopy type of its classifying space. 

We first define the relevant moduli spaces. Let S be a compact oriented 2-manifold (not neces- 
sarily connected, possibly with boundary). Let J(S) be the space of (almost) complex structures on 
S. A principal G-bundle _E E restricts to a principal G-bundle dE dYi. For a fiat connection 
Lo on dE, let Af{E,uo) denote the space of fiat connections on E which restrict to lo on dE. Let 
Aut(£'; d) denote the group of automorphisms of i?, which restrict to the identity on a neighborhood 
of dE. Thus, Aut(£^) fits into an exact sequence 

1 ^ Q{E; d) kvit{E, d) Diff(E) ^ 1, 

where Q{E\ d) is the group of gauge transformations of E which restrict to the identity near the 
boundary. Let M{E,uj) be the homotopy orbit space 

M{E, oj) = ( J(I]) X Af{E, ijj))l/Avii{E; d) (5) 

An imprecise definition of Cq goes as follows. 

Definition 12. An object is a triple x = {S,E,uj), where S is a closed 1-manifold, E S is a 
principal G-bundle, and lj is a connection on E . The space of morphisms from xq = (5*0, Eq, ujq) to 
Xi — {Si, Ei,LUi) is the disjoint union 

C^ixo,xi)=l[M{E,Lo), 

E 

where the disjoint union is over all E T, with dE = EqILEi, one E in each diffeomorphism class, 
and u> = luqU u>i. 
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This definition is imprecise because it only defines the homotopy type of the space of morphisms, 
not the underlying set (the homotopy quotient involved in defining M{E) involves a choice). We must 
give a precise, set-level description of the homotopy quotient, and define an associative composition 
on the point set level. We present a way of doing this. Recall that the definition of homotopy 
quotient involves the choice of a free, contractible Aut(i?; 9)-space £'(Aut(£'; d)). As constructed in 
equation ([3]), a convenient choice of this space is given by: 

EAut{E- d) = R+x Emb(S]g, [0, 1] x M°°) x C^iE, EG), 

where M+ denote the positive real numbers, Emb(I]g, [0, 1] x denote the space of embeddings, 
which restricts to embeddings of incoming and outgoing boundaries Si, {v} x R°°, v = 0,1. 
Cq{E,EG) denotes the space of G-equivariant smooth maps. Using this space in the definition of 
the homotopy quotient, we get the following definition of the set of objects and the set of morphisms. 

Definition 13. A point in the space of objects Ob{CQ), is given by a triple {S,c,u}), where S C R°° 
is an embedded, closed, oriented one-manifold, c : S BG is a smooth map, and lo is a principal 
connection on the pullback along c of EG BG. 

A point in the space of morphisms Mor{CQ), is given by the data: {t, M,i,c,(j), where t is a 
positive real number, M C [0, t] x R°° is a 2-dimensional cobordism, i € ^(S) is a complex structure, 
and c : S — > BG is a smooth map. Let E Y, be the pullback along c of the universal smooth 
G-bundle EG —^ BG. Finally, a is a fiat connection on E. 

Explicitly, given elements (j,T) e J(S)x^f(£^;^), and (t, 0, 6) £ EAnt{E;d), let M C [0,<]xR°° 
be obtained by stretching the first coordinate of the image (/'(S) C [0, 1] x R°°, and letting i, c, and 
a be induced from j, 6, and t by the identification AI ^ E. This defines an Aut(i?; 9)-invariant map 

EAut{E;d) x (J(S) x AFiE;uj)) — > Mor(C^), 

(with Cq defined as in definition [T51) which descends to an injection of Aut{E; 9)-orbits 

M{E,uj) — >Mor(Cg). (6) 

Taking disjoint union over S's and iJ's, we get an identification of the morphism spaces in definition 
[T2l and those in definition [13l Moreover, it is now clear how to define an associative composition 
rule: take union of subsets Mq C [0, ti] x R°° and Mi C [ti, ti + t2] x R°°. (For this to be a smooth 
submanifold, we should insist that all cobordism M C [0,t] x R°° are "collared" as in [5]. Similarly, 
c and u! should be constant in the collar direction. We omit the details.) 

Remark 14. 1. If all connected components ofdT, have non-empty boundary, the action of Aut{E; d) 
on J(S) X Af{E; uj) is free, and we can replace the homotopy guotient in (0) with the strict guotient. 
For a fixed choice of complex structure on E, an explicit description of this strict moduli space, 
parametrized over all values of lo is given by 

M{E) = {(a,c,w) e G^f X G^^^ x A{dE) \ \{[a2^,a2^-l] = \{Adc^Hol{ujj)} 
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where ci = 1, and Hol{ujj) denotes the holonomy of the connection lu about the j-th boundary circle 
over a fixed basepoint. In addition, the composition map in our category may be interpreted as a 
suitable symplectic reduction: 

Let Y, be a connected Riemann surface, with non-empty boundary, obtained from a (possibly 
disconnected) Riemann surface S by gluing along two boundary components B± C 9E. Let E denote 
a bundle over S obtained by identifying a bundle E onT, along dE , then one may identify the strict 
moduli space Ai {E) with the symplectic reduction of the gauge group Q{ Gx B) acting on M. (E) . Here 
B is the one-manifold that both components B± are identified with, and Q{G x B) is identified with 
the gauge group of the trivial bundle over B. The moment map for the Q{G x B)-action along which 
the symplectic reduction is carried out is given by lo ^ lo^ — lo- , where uj± denote the restrictions 
of the connection to G M.(E) to the boundary components B±. 

2. Forgetting the bundle E gives a functor Cq Cgo(2); where CsO(2) the cobordism category 
or oriented 2-manifolds from An oriented 2-dimensional cobordism E defines a morphism in 
Cgo(2) • The inverse image of E in Cq is the moduli space 

AF{E)l/g{E-d) 

of equivalence classes of flat connections on E under the action of the gauge group Q{E] d) of gauge 
transformations of E relative to the boundary. When E is trivialized, this group is identified with 
the group of smooth maps (E, 9E) — > (G, e). 

The goal of this section is to identify the homotopy type of the geometric reahzation of this 
category \Cq\. (Strictly speaking this is the geometric reahzation of the simphcial nerve of the 
category, sometimes known as the classifying space of the category.) More specifically, our goal is 
to prove Theorem [2] as stated in the introduction. 

In order to prove this theorem, we will compare the category Cq of surfaces with flat connections 
to the category of surfaces with any connection. Namely, let Co be the category defined exactly as 
was the category Cq, except that we omit the requirement that the principal connection lu be flat. 

The inclusion of flat connections into all connections defines a functor 

L : Cq ^ Cg- 

We will observe that this inclusion restricts to the "positive boundary subcategories" defined as 
follows. Let C represent either of the cobordism categories, Cq or Cg. Let C+ denote the subcategory 
that has the same objects as C, but the morphisms of C+ are those morphisms of C that involve 
surfaces, each path component of which has a non-empty "outgoing" boundary. (The "outgoing 
boundary" of a surface E C M.°° x [0,t] is E n (K°° x {t}).) An important step in proving Theorem 
[2] is the following. 
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Proposition 15. The inclusion functor l : (Cq)+ ^ {Cg)+ induces a homotopy equivalence of 
geometric realizations, 

.:|(Cg)+|^|(CG)+|. 

This proposition will allow us to identify the homotopy type of \Cq\, because we will be able to 
identify |(Cg)+| with the geometric realization of a cobordism category studied in [6]. In that paper, 
the authors identified the homotopy type of a broad range of topological cobordism categories. We 
will be interested in a particular such category we call C2{BG), that is defined as follows. 

Definition 16. The space of objects Oh{C2{BG)) is given by pairs {S,c), where S C M°° is an 
embedded, closed, oriented one-manifold, and c : S BG is a continuous map. 

The space of morphisms Mor{C2{BG)), is given by triples, {t,T,,c), where t is a nonnegative 
real number, E C [0, t] x is an oriented cobordism, and c : E — > BG is a continuous map. The 
embedded surface is collared at the boundaries as in In particular, Eq = S n (R°° x {0}) and 
Ef — En(K°° X {t}) are smoothly embedded, oriented one-manifolds. Again, morphisms are assumed 
to be collared, and composition is defined by gluing of cobordisms and maps. (See 161 for details.) 

The homotopy type of the geometric realization \C2{BG)\ was determined in [6J. Namely, the 
following was proved there. 

Tiieorem 17. (\^) a. Let {C2{BG))+ denote the positive boundary subcategory. Then the inclusion 
functor, {C2{BG))-f- ^ C2{BG) induces a homotopy equivalence of geometric realizations, 

\{C2{BG))+\^\C2{BG)\. 

b. There is a homotopy equivalence, 

\C2{BG)\ ~ f]°°(E(CP°°i A BG+)). 

□ 

Because of this theorem, Theorem[2]will follow from Proposition[T5l and the following two results. 

Proposition 18. The functor Cg —^C2{BG) which on the level of morphisms is given by (t^T,, j, c,lu) t—^ 
(t, E, c) induces homotopy equivalences of geometric realizations 

\Cg\ \C2iBG)\ 
\{Cg)+\ ^ \{C2iBG))^\. 

Proposition 19. The inclusion of the positive boundary subcategory, (Cq)+ ^ Cq induces a ho- 
motopy equivalence of geometric realizations, 

l(C^)+l^|C^I- 
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3.1 The positive boundary subcategories 

In this subsection we prove Propositions [15] and 1181 In view of Theorem 1171 this will imply that 
there is an equivalence of the geometric realization of the positive boundary subcategory, 

|(C^)+|^f7-(E(CP-iABG+)). (7) 

Thus the proof of Theorem [2] would then be completed once we prove Proposition 1 191 which we will 
do in the next subsection. 

Proof of Provosition 1 1 51 Morphisms in both categories are given by tuples (i, c, w), where 
is a connection on a principal G bundle — > S. The only difference between the two categories 
is that in one of them, w is required to be flat. Let {t, S, j, c) be fixed. We prove that under the 
"positive boundary" assumption on E, the inclusion of flat connections into all connections, 

is a homotopy equivalence. 

The "positive boundary" assumption implies that no connected component of E is a closed 2- 
manifold. Hence S deformation retracts onto its 1-skeleton X C E. Choose a 1-parameter family 

: E ^ E of smooth maps which start at the identity, and such that retracts E onto its 1- 
skeleton. We can lift this family to a 1-parameter family '■ E ^ E oi maps of principal G-bundles 
with $0 the identity. Then we can let LOt be the connection on E obtained by puUback along $t. 
The curvature of ujt can be computed by naturality: 

and therefore loi is flat, because (f>i has one-dimensional image and the curvature is a two-form. 
Thus the identity map of A{E) is homotopic to a map into Af{E), and since A{E) is contractible, 
Af{E) is contractible too. 

We have proved that the functor {Cq)+ {Cg)+ induces a homotopy equivalence on morphisms 
or, in other words, 

7Vi(C^)+ 7Vi(Cg)+. 

For k > 2, the argument is similar: An element in Nk{CG)+ is given by (E, j, c, lo) as before, together 
with a fc-tuple (^i, . . . , tk) of positive real numbers. Here E C [0, t] x with t = ti + ■ ■ ■ + tk. The 
same procedure as for k = 1 gives a path from w to a flat connection. Therefore the functor induces 
homotopy equivalences on fc-nerves for all fc, and hence on the geometric realization. □ 

Remark 20. Notice that the above proof holds for any Lie group. In particular, it shows that the 
space of flat connections is gauge equivariantly contractible, for any principal bundle over a connected 
Riemann surface with non-empty boundary. 
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We now go about proving Proposition [TBI 

Proof of Proposition 1 1 8\ The map in the proposition is induced by the functor (i, c, ^ 
{t, S, c) which forgets the complex structure j on the oriented surface S, and forgets the connection 
Lo on the principal G-bundle E ~> Ti. Thus the functor gives a fibration 

NiCg NiC2iBG) (8) 

whose fiber over (i, E, c) is the space 

AA(S,c) = J(E) X AiE), 

where J(S) is the space of (almost) complex structures on the oriented surface E and A{E) is the 
space of connections on E. But both spaces are contractible, so ([5]) is a homotopy equivalence. The 
higher levels of the simplicial nerve are completely similar, and we get a homotopy equivalence of 
geometric realizations. □ 

Proof of Proposition [T51 

In the case where G is the trivial group (in other words, omit the flat G-bundle E X from 
definition 1 12p . we recover the cobordism category Cd from [6], when d = 2. The positive boundary 
subcategory is denoted C|. In 6, Section 6], it is proved that the inclusion [Cf | — > \Cd\ is a weak 
homotopy equivalence when d > 2. (In 6J the notation BC was used to denote the geometric 
realization of the nerve of a category C, rather than \C\.) The proof of proposition [19] will follow [6l 
Section 6] very closely. We first recall an outline of that argument. Let C = C{e}: the cobordism 
category in the case G is the trivial group. 

In [6] a functor D from smooth manifolds to sets was defined, where D{X) is the set of smooth 
manifolds W C Xx'Rx R°° such that the projection (tt, /) : ^ X x R is proper, and the projection 
t: : W ^ X is a submersion with 2-dimensional fibers. A concordance is an element W G D{X x M); 
in that case the restrictions to X x {0} and X x {1} are called concordant. This is an equivalence 
relation on D{X), and the set of equivalence classes is denoted D[X]. The equivalence \C\ — > jC^j 
was proved in 6 by proving two natural isomorphisms: 

D[X]-[X,\C\] (9) 
D[X] = [X,\C% (10) 

The first is proved as follows (again, in outline). Given an element W G D{X) and a point a; G X, 
let Wx C R X R°° be the d-manifold Wx — 7r~^(a;) and let fx : Wx — * R denote the projection to the 
first factor. A choice of regular value a G R for fx defines an object {fx)~^{o) of C, and if oo < ai 
are both regular values, then {fx)^^{[aQ,ai\) is a morphism in C between the two corresponding 
objects. This is used to define a map from left to right in ([9]) which is an isomorphism. 

To construct pU]) . we need to ensure that only morphisms satisfying the positive boundary 
condition arise as /~^([ao, ai]). At the heart of this is O lemma 6.2], which constructs a continuous 
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family of pairs {Kt, ft),t£M. consisting of a d-manifold Kt containing the open subset U = M.'^-D'^ C 
Kt, and a smooth function /t : ifj — > R which is constant on U and proper when restricted to Kt~U . 
Furthermore Kq = M.'^ and fo is constant, and if i = R'^ — {0} and fi{x) goes to infinity as a; ^ 0. 

Now let W G D{X) and let ao < ai be regular values of fx ■ Wx — > K. If we are lucky, 
/~^([ao,ai]) already satisfies the positive boundary condition. If not, let Q C /^^([ao,ai]) be a 
connected component not touching f.^^{ai), and let e : R'' ^ Q be an embedding. Gluing in the 
family {Kt, ft), we get a one-parameter family of pairs {Wt, ft)- Repeat this procedure for each such 
component Q, and we get a one-parameter family {Wt, ft) starting at {Wx, fx) at time 0, and ending 
at some other pair {Wx,fx) at time 1, for which (/^)~-^([ao, oi]) satisfies the positive boundary 
condition. The rest of the proof in [51 section 6] describes how this construction and a (somewhat 
complicated) gluing procedure can be used to construct the map in (jlOp . 

For the purposes of proving Proposition llQi we need to construct a version of the "standard" one- 
parameter family {Kt, ft) where Kt is equipped with a flat G-bundle Et Kt, which is specified 
over Kq. Fortunately, this is not hard. Namely, the proof of [H lemma 6.2] also constructs an 
immersion jt : Kt — > Kq which is the identity for i = 0. Then any given any flat G-bundle Eq — > Kq, 
it has a canonical extension to a flat G-bundle Et — {jt)*{Eo) over Kt- With this extension of [51 
lemma 6.2] in place, the rest of the proof in [51 section 6] applies verbatim if we add flat G-bundles 
to every surface in sight. □ 

This completes the proof of Theorem [iTl 

3.2 The universal moduli space and the loop space of the cobordism 
category 

We connect our two main theorems (Theorem [1] and Theorem [2]) . First note that the empty set 
is one-manifold, and thereby an object in Cq. In the case 9S — 0, the definition of A4{E;uj) in ([5|) 
agrees with our previous definition of M^{E), and as in ([6]) above, we get a map 

A^«(i?)->C^(0,0), 

which identifies Aif{E) as the (open and closed) subset of Cq{$,$) where the topological type of 
M is fixed to be that of a connected genus g surface, and the homotopy class of c : Af ^ BG is 
fixed to be that of a classifying map for E. In particular, an element of defines a loop in the 
classifying space \Cq \ that start and end at the vertex G \Cq\. 

Corollary 21. The induced map to the loop space of the cobordism category, 

Lg:Mf{E)^n\C^\ 

induces an isomorphism in homology, Hq{M^ {E)) ^ Hq{^,\CQ\) for 2q < 2g — 4. 
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Proof. Consider the following diagram: 

n\c^\ 

3g 

Sg{BG) — ^ 0|C2(BG)| 

where C2{BG) is the cobordism category of oriented surfaces in the background space BG, as de- 
scribed in section one. By construction, this diagram commutes. 

We proved above that the map j : \Cq \ \C2{BG)\ is an equivalence. So the right hand vertical 
map in this diagram is an equivalence. By the work of [5] one knows that the bottom horizontal 
map Lg : Sg{BG) ft,\C2{BG)\ induces an isomorphism in homology through dimension f — 2. By 
Corollary [5l the left hand vertical map jg : M.'^ Sg{BG) is 2(5 — l)r-connected. The result now 
follows. □ 



4 The case of a general compact connected Lie group 

We may extend the above constructions to an arbitrary compact connected Lie group G. This 
involves little more than a cosmetic change in definitions. Let g be the Lie algebra of G, with center 
3 C g. Given a Riemann surface E with a fixed metric, we define say that a connection w on a bundle 
E over E is central if the curvature of w is a constant multiple of the volume form, with values in 
3. Notice that this makes sense since the Lie algebra 3 generates a trivial summand in the adjoint 
bundle E xq 9- As mentioned in the introduction, the Yang- Mills functional on a closed Riemann 
surface achieves a minimum on the space of central connections. The curvature for any connection 
in this space is independent of the connection, and is given by a topological invariant of the bundle. 

Given a bundle E with a fixed identification of d{E), notice that the relative gauge group Q{E; d) 
acts on the space of central connections on E. Let M'~''{E,lu) denote the universal moduli space of 
central connections on the bundle E which restrict to lu on the boundary. We may now define the 
category of central connections C^: 

Definition 22. An object of Cq is a quadruple x = {S,a,E,uj), where S is a closed 1-manifold, 
endowed with a metric X, E S is a principal G-bundle, and to is a connection on E. The space 
of morphisms from xq — {Sq, Aq, -Bo, (^o) to xi = {Si, Ai, Ei, oji) is the disjoint union 

E 

where the disjoint union is over all E —>■ T, with dE = EqUEi, one E in each diffeomorphism class, 
and oj = II i^i- This morphism space is parametrized over the moduli space of Riemann surfaces 
with metric (which is equivalent to the one without metrics). 

As before, this definition needs to be replaced with a working definition involving the classifying 
space BG to make it well defined. 
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For a closed surface S, the results in T can be invoked again to show that the space A4^{E) 
approximates the classifying space of the group of total automorphisms of E with connectivity given 
by Theorem [3] On the other hand if 5 is a connected surface with non-empty boundary, then it 
is easy to show as before that the space A4'-'{E, •) (where cu is free) is homotopy equivalent to the 
classifying space of the total automorphism group of E relative to the boundary. 

Using these facts, an easy extension of previous arguments shows that our main theorems [1] [5] 
and [TU] remain valid for a general compact connected Lie group G. 

Theorem [TT] about the equivariant cohomology of the representation variety may also be inter- 
preted in this context. Recall [1], that any central connection on a bundle E over a closed Riemann 
surface S yields a C?-representation of the fundamental central extension tt of 7ri(S') by R. Further- 
more, this representation preserves the respective centers. 

Let Rep'^(7r, G)^; = Ilo-ni~^ {n , G) e // G denote the component of the variety of such central rep- 
resentations. It is not hard to see that Kep^{TT,G)E admits an induced action of the group of 
Symplectomorphism of S. For genus g > 2, this group is homotopy equivalent to Out(7r). Theorem 
[m is now true for all compact connected Lie groups once we replace Rep(7r, G')^; by Rep'^(7r, G)^;. 
The equivariant cohomology is to be understood with respect to the group Symp(S') ~ Fg = Out(7r). 
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